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I. INTRODUCTION AND SUMMARY 

t 

A. Purpose and Technical Objectives 

The ultimate objective of our work on gravitational m a s s  sensors  
i s  the development of a small, lightweight, rugged sensor  to be used on 
lunar orbi ters  to measure the mass  distribution of the moon and on deep 
space probes to measure  the m a s s  of the asteroids. The basic concepts, 
the theoretical limitations, and the possible applications have been 
investigated and a r e  discussed in  Section 11 of Quarterly P rogres s  
Report No. 1. 

The purpose of the present research program is  

1. To develop and refine experimental techniques for  
the measurement of gravitational and inertial  fields 
using rotating elastic systems. 

2. To develop a more  complete understanding of these 
types of sensors  so that accurate  predictions of 
sensor  behavior can be made with a r e  based on prac-  
t ical  system configurations and measured device 
s ensitivity . 

B. Summarv of Problem Areas 

The major problem a rea  can be summarized in one word - 
This noise includes background clutter due to external forces  noise. 

and m a s s e s  other than the one under investigation, external electri-  
cal  noise and mechanical vibrations, and internal thermal  and elec- 
tronic noise in  the sensor and amplifiers. 
at traction i s  very weak, even f o r  large masses ,  and every effort must  
be made in sensor  design and operation to  develop and utilize discr im- 
ination techniques that will allow the weak gravitational signal to be 
picked out f rom the background clutter and noise. 

The force of gravitational 

The problems of background clutter a r e  nearly independent of 
It 3s felt that the techniques discussed the par t icular  sensor  design. 

in Section 11-D-2 of Quarterly Progress  Report No. 1, Background- 
Rejection, will suffice f o r  elimination of this source of noise. 

The problems of externally and internally generated electrical  
and mechanical noise have been overcome in previous work on non- 
rotating gravitational sensors  and the experience gained during this 
work will aid in the investigation of the very s imilar  problems in rotat- 
ing sensors .  It i s  expected that each sensor  design will have i ts  own 
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versions of these problems and that a major  portion of the experimental 
work will be spent in locating and eliminating o r  discriminating against 
these sources of extraneous noise. 

One minor problem a r e a  which will require special attention in  
the theoretical portion of the program i s  the instability and c ross -  
coupling effects that a r e  common to mechanically rotated systems. 
Typical examples a r e  given in the Appendix of Quarterly P rogres s  
Report No. 1 and Section I11 of this report. 
avoided by proper choice of sensor  configuration and sensor  operation 
based on a thorough theoretical analysis and preliminary experimental 
studies of each proposed design before extensive experimental work i s  
done. 

These problems can be 

C. Summary of General Approach 

The program has started with parallel  efforts consisting of 
detailed theoretical study and preliminary experimental work. 
various possible sensor  configurations a r e  being investigated theoreti- 
cally to determine their  suitability a s  m a s s  sensors  under the assumed 
operating conditions. 
signs and sensor  support and drive mechanisms a r e  being constructed 
and operated to  verify qualitatively the sensor  character is t ics ,  develop 
signal readout techniques, and search  f o r  unexpected sources  of instabil- 
i t ies and noise. 
actions at this stage. 

The 

Various combinations of promising sensor  de- 

No attempt will be made to look f o r  gravitational inter-  

After the preliminary work, one of the sensor  configurations 
will be chosen a s  the basis  for a feasibility model, and a carefully de- 
signed version will be constructed. The remainder of the program will 
be expended in studying the feasibility model both experimentally and 
theoretically, locating and eliminating the sources  of extraneous noise, 
and determining the sensitivity to gravitational fields. The program 
objective i s  a sensor  that will detect the presence of a small ,  nearby 
moving mass  through gravitational interactions. 

D. Summary of Work to Date 

This woTk began when the completed contract  was received on 
26 October 1964. The original study by R. L. Forward  on the gravi-  
tational mass  sensor  was analyzed by C. C. Bell in  a m o r e  general  
manner,  (See Appendix of Quarterly P r o g r e s s  Report No. 1. ) This 
analysis indicates that radially vibrating sensor  s t ruc tures  generally 
a r e  incapable of measuring the gravitational fo rce  gradient because 
the sensor will fly apar t  a t  the necessary  rotation speeds. 
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The most promising form of gravitational mass sensor  has  
been found to be a cruciform shaped spring-mass system. A number 
of different cruciform sensor  heads (see F ig .  20 in  Section II-D, and 
Fig .  6 in the Appendix, of Quarterly P rogres s  Report No. 2) have 
been designed and studied experimentally. 
s t ra ted a basic s t ructural  stability under high rotation speed. 
continuing theoretical study of the transversely vibrating cruciform 
sensor  s t ructure  has  been under way. 
sis consists of a central  mass ,  four equal sensing m a s s e s  on t rans-  
versely vibrating a r m s ,  and a sensed mass. The analysis is quite 
complicated because of the multiplicity of masses  and springs, the 
nonuniform character of the gravitational field, and the requirement 
that the restoring forces  in  the sensor include the centrifugal force 
and the coupling between the a r m s  as well as the spring constant of 
the arms. 
t icular mode of vibration of the sensor - the tuning fork mode (see 
Fig .  12(a) in this report)  - that is  at a different frequency then the 
other modes, responds to the presence of a gravitational force gradient 
field when rotated at half of its vibrational frequency, and yet does not 
respond to inertial  forces.  

They all have demon- 
A 

The model used for the analyL 

The results of these analyses indicate that there  is a par-  

The readout of the very small (10-l' in. ) vibrations in the 
sensor  a r m s  is accomplished by the use of piezoelectric strain t rans-  
ducers  attached to the sensor  a r m s  a t  the point of maximum strain.  
These transducers have a voltage- strain character is t ic  of lo5  V/unit 
s t ra in  and have been used in previous work to measure motions down 
to 10- l 3  in. 
gravitational force gradient of a mass  M a t  a distance R is: 

The voltage output expected of such a sensor  due to the 

v sin 2 ut 3GM "l u sin 2 ut (1 )  3GM Q 3cr 

v =  2 ~ ~ ( 2 ~ )  2 . 2  L Z R ~ ( ~ ~ ) L  

where 

Q E quality factor of the sensor  resonance 

GM/R3 E gravitational gradient 

w E angular frequency of rotation of the sensor  

- a 
T = integration t ime - 2w 

r radial distance of sensor end mass  f rom center 
of sensor  rotation 

L E length of sensor  a rm 

c E half thickness of sensor a r m  

u f transducer factor of s t ra in  transducer (- l o5  V/in. /in. ). 
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If we assume a gravitational gradient due to the earth, the 

The 
voltage output f rom the present monolithic sensors  with a 
100 and a resonant frequency of 115 Hz  i s  g rea te r  than 4 pV. 
newer designs with a lower frequency of operation and a bet ter  
geometry factor  should have voltage outputs grea te r  than 13 pV. 
These voltages a r e  easily measured with standard laboratory 
equipment. 

Q of 

The results of various design studies and experimental inves- 
tigations indicate that our present s t ra in  t ransducers ,  amplifiers,  
and other electronic components a r e  m o r e  than adequate for the 
problem of seeing the gravitational gradient signals. 

One of the problems which has  a r i s en  in our study of cruci-  
form sensors i s  that of maintaining adequate frequency separation 
between the gravitational gradient sensing mode of the sensor  and 
the other possible modes of vibration of the sensor  and the sensor  
mounting structure.  
sensor  mount, the sensor  vibrational modes a l l  converge to the 
same frequency. 
cannot res is t  the centrifugal force when the sensor  i s  rotated. 
the sensor i s  rotating, the modes tend to shift in frequency in a 
complicated, but predictable, manner. This often brings the gradient 
sensing mode frequency close to one of the other mode frequencies, 
making it difficult to utilize frequency filtering techniques to separate  
out the gravitational gradient signals. However, the results of the 
combined theoretical and experimental program on the behavior of 
the sensor modes under rotation indicates that by proper  design of 
the sensor and sensor  mount, i t  i s  possible to operate the sensor  a t  
the desired rotation speed of one-half of the gradient sensing mode 
frequency and sti l l  maintain adequate frequency separation. 

If the sensor  head i s  held too firmly by the 

If the sensor  i s  held too loosely, the sensor  mount 
When 

Since the sensors  must  be rotated in o r d e r  to work, the 
major  problem being studied i s  that of bearing noise. 
of different bearings have been fabricated f o r  our purposes and their  
noise characterist ics investigated, 

A number 

A ball bearing mount using gyro bearings and a carefully 
balanced sensor  was constructed first .  (See Section I11 of Quarterly 
P rogres s  Report No. 1. ) This type of bearing proved, as expected, 
to be much too noisy for  use with these sensors .  

An a i r  bearing support and drive was  then constructed by the 
Hughes Aerospace Group. 
both vertically and horizontally by an a i r  bearing formed between a 
rotor tube and a channeled stator.  
hysteresis ring which i s  driven by a synchronous motor  s ta tor  con- 
structed around the outside ( see  Section 11-C of Quarterly P rogres s  
Report No. 2). 
table and the voltages f r o m  the sensor  a r e  removed through the sl ip 
rings on the top.. 

The s t ructure  consis ts  of a table supported 

The rotor  tube also has  a magnetic 

The sensor  chamber is  then mounted on top of the rotor  
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A single-axis magnetic bearing support and drive was fabricated 
by the University of Virginia (see Section 11-B of Quarterly P r o g r e s s  
Report No. 3).  In general, the unit performs well and is quite satis- 
factory for  this program. The levitation circuits a r e  slightly tricky in 
adjustment, but have proved to be capable of stably levitating the 6 lb 
m a s s  of the sensor  chamber and the iron pole cap. The compliance of 
the magnetic "spring" is very low so that there  is good vibration isola- 
tion at the sensor frequency. When the servo  loop is properly adjusted, 
the vertical  stability of the support is good, except for  a long t e r m  drift 
which requires that the servo gain be adjusted periodically. 
cake motor drive works quite well, although the available torque is 
necessarily limited by the relatively large air gaps that resul t  f rom 
the levitation requirements. 

The pan- 

Noise tes ts  were conducted on these bearings using a sensor  on 
a torsion wire mount inside a vacuum chamber. 
plished by means of sl ip rings running directly into a General Radio 
tuned preamplifier having an  equivalent input noise of 0. 050 pV. 
first tes t s  were undertaken to discover the sources of noise i n  the bear -  
ings under nonrotating operation. When the sensor chamber was sus-  
pended from a rubber band, the noise output was essentially flat with 
an amplitude of about 0. 1 pV. When the sensor  was sitting on the air 
bearing with no air flowing through the bearing, the noise output was 
essentially flat with an amplitude of about 0. 2 pV. 
noise output resulted f rom the vibrations in the workbench. 
air  pressure  was turned on, levitating the sensor,  the noise increased 
considerably. The background level was then 0.6 pV with a peak at 
the translational mode (220 Hz) of 10 pV, and a peak a t  the gradient 
sensing mode (170 Hz) of 1.5 pV. 
various gaps were tested with the result that the noise seemed to be 
l inearly proportional to the amount of air  flow. 
cap was attached to the sensor  chamber and suspended in the magnetic 
bearing, the background noise level was about 0.15 pV. 

Readout was accom- 

The 

The increase in  
When the 

Several a i r  bearing rotors  with 

When the i ron pole 

Bearing noise tes t s  were then made under dynamic conditions. 
The first  tests were made by bringing the sensor  up to speed, turning 
the dr ive off, and measuring the noise output as the sensor coasted 
down. It was found, i n  general, that under dynamic a s  well as static 
tes ts ,  the air bearing is 14 dB o r  more  noisier than the magnetic 
bearing. This excess noise seems to result  f rom the rush of air 
through the bearing and there  is no obvious way to eliminate the prob- 
lem. These tests indicated that for our purposes, a magnetic support 
generally is superior to the a i r  bearing support. 

On the basis  of these tes t s  it was decided to utilize a magnetic 
bearing in the feasibility model. 
drive was ordered f rom the Cambridge Thermionic Corp., (CAMBION) 
in Cambridge, Massachusetts. This unit will have a smaller size and 
weight than the present bearing, as  well as tighter tolerances on drift,  
and can be oriented in any direction. 

A three-axis magnetic bearing and 
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While the three-axis magnetic bearing is being fabricated,  the 
single-axis bearing was reworked to improve i ts  performance and a n  
external vacuum chamber added to reduce a i r  drag effects on the 
rotating sensor  chamber. This unit was used for an extended se r i e s  
of vibrational mode tes ts ,  sensor  mount studies, and bearing noise 
tests.  

When noise tes t s  were  made with the magnetic support motor  
drive on, two additional noise sources  due to the drive fields were 
found. One was a general  noise level increase due to hash and hum 
in the drive amplifiers. 
only when the drive amplifiers were turned on; but the sensor  was not 
yet rotating. 
the drive amplifiers.  The second was a torquing noise resulting f rom 
the interaction of the rotating drive field and the remnant magnetic poles 
in the hysteresis  plate. This noise i s  a direct  function of the drive 
power and, for synchronous operation with large drive levels,  can be 
many millivolts. 
cient to maintain synchronous rotation, the noise level drops to the 
level seen under f ree  rotation conditions. 

This caused about 3 pV of noise and was seen 

This noise will be eliminated by filtering the output of 

However, i f  the drive is  lowered to a level just  suffi- 

The latest  se t  of noise measurements  were  taken on a sensor  
mounted on a 0.020 in. diameter torsion wire  inside an evacuated 
sensor  chamber. 
a t  the time, it st i l l  had a vibration sensitive translational mode within 
a few hertz of the gradient sensing mode. 
f i r s t  used regular slip ring brushes while the sensor  chamber was 
run in air .  
external vacuum chamber was added and evacuated in o r d e r  to cut 
down windage noise. 
and vacuum for  this configuration was very  slight, indicating that 
windage is not yet a problem. 
found to be responsible for  the large noise peaks (200 m V )  a t  the 
rotational speeds corresponding to the translational mode and the 
gradient sensing mode. In the third tes t ,  the standard slip ring 
brushes were replaced with special fine copper wire  brushes with 
low m a s s  and low mechanical coupling. The data taken with the 
light slip ring brush had a maximum noise peak of about 8 m V  a t  
103 Hz when the sensor  was rotating at  the des i red  operating speed 
of 3240 rpm (54 .rps). 
should decrease substantially when bet ter  resolution between the 
various modes i s  obtained either by finding a configuration with 
better mode separation o r  by using nar rower  bandwidths in our  
amplifiers. 

Although this sensor  system was the best  available 

Three tes t s  were run; the 

The second tes t  was the same  a s  the f i r s t  except that the 

The data show that the difference between air  

However, the sl ip ring brushes were  

This measured noise level i s  quite high and 
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A shortened version of Quarterly P rogres s  Report No. 1 was 
submitted to the annual essay contest of the Gravity Research Founda- 
tion, New Boston, New Hampshire, as an essay entitled "Rotating 
Gravitational Sensors" by R. L. Forward, C. C. Bell, and J. R. 
Morr is .  The essay received fourth award. 

A paper, "Mass DetectioE by Means of Measuring Gravity 
Gradients, by C. C. Bell, R. L. Forward, and J.  R. Morr i s  was 
prepared for  the 2nd Annual AIAA Meeting and was given by Curtis 
Bell on 26 July 1965 in San Fracisco. 

Since slip ring wobble seemed to be the major  source of noise, 
the telemetry unit discussed in Section 11-A of this report  was con- 
structed and operated with the same sensor  in an  effort to obtain 
comparative noise measurements,  both with and without sl ip rings. 
However, the telemetry unit proved to be difficult to balance in the 
single-axis magnetic bearing and it has not been possible to obtain 
consistent measurements up to the time of this report. 

7 



II. EXPE-ENTAL PROGRAM 

A. Electronics Design Studies 

The gravitational mass  sensors  being studied under this contract 

The presence of the gravitational gradients induces mechan- 
operate by sensing the gradient of the gravitational force produced by 
the mass. 
ica l  vibrations in the rotating sensor. 
vibrations indicate the strength and direction of the gravitational gradient. 

The magnitude and phase of these 

In order  for the vibrations to be conveniently observed, they must 
be converted into electrical  signals, amplified, and removed from the 
rotating sensor.  The method of transducing and removing the,  signals 
f rom the sensor  has been reviewed this quar te r  and the results of these 
studies a r e  presented below. 

1. Strain Transducers 

The vibrations of the sensor  a r m s  a r e  converted to elec- 
t r i ca l  signals by placing s t ra in  transducers on the arms. 
have been Glennite SC- 2 ceramic,  piezoelectric t ransducers  manufac- 
tured by Gulton Industries. These t ransducers  have the advantages of 
sma l l  s ize  (1/2 in. x 1/8 in. x 0.012 in.), high output (- l o 5  V/unit/ 
s t ra in)  and high capacity (1000 pF). Their disadvantages are a some- 
what variable output with temperature and humidity, and a mechanical 
Q low enough to reduce the Q of the sensor  arm to which they a r e  
applied. 

The units used 

The following analysis of strain transducer behavior was con- 
ducted to determine how good our  present t ransducers  a r e  in compari- 
son to other possible configurations and materials.  

The element used for analysis is a piece of piezoelectric mater-  
i a l  of Area A and thickness t strained in the direction shown below. 
The fundamental pi e zoele c t r ic  relationship is : 

q = d S A  

0416-14 
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where q is the induced charge, d the piezoelectric constant, and 
S the s t r e s s  on a plane perpendicular to A. 

To this must  be added the s t r e s s - s t r a in  relationship fo r  the 
mate rial  

s = Y q ,  (3 )  

where E is  the strain,  and Y i s  Young's modulus, 

The capacity-voltage- charge formula is 

v q/c 

and the parallel plate capacity formula is 

(4) 

where K is the relative dielectric constant and 8 is the capacitivity 
of f ree  space. 0 

The above relationships may be combined in severa l  ways to 
relate voltage to strain.  

V d Y A  d Y t  o - = - -  - c = K $  

In addition, four other factors  mus t  be considered in evaluating 
a transducer: 

1. It must be thin enough to accurately measure  the 
s t ra in  on the surface to which i t  i s  applied. 

2. It should not seriously deter iorate  the Q of the 
vibrating a rm.  

3 .  Its capacity should not be too low. 

4. Its  output should not vary with ambient conditions. 
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In Table I, four ceramic materials (made by Gulton) a r e  com- 
pared with quartz and our present transducer. 
treated a s  though it were  made into a transducer similar to the one 
now in use. 
one-tenth the thickness of the ceramic transducers.  This can be 
done because quartz is easy to work with and such a thickness is 
quite practical. 

Each mater ia l  is 

An exception is made for quartz  which is assumed to  be 

The important conclusions to be drawn f rom the data shown 
in the table a reas  follows: 

0 There is no immediate advantage to be gained 
by having new strain transducers made a s  none 
of the mater ia ls  show significant advantages 
over our present transducer a t  this stage of the 
project. 

0 If, in the future, higher output is desired,  it 
may be obtained by using HST-41 o r  HDT-31 
in a thicker transducer. Since output is pro- 
portional to thickness, the output could be 
increased by 10 without reducing the capacity 
below a practical  level. The resulting t rans-  
ducer would be quite thick, however, and might 
cause a bonding and Q problem. 

0 If, in  the future, we want better stability and 
Q, a quartz transducer could be made with 
roughly the sameoutput we have now. Each 
transducer would have a very high output im- 
pedance , however, which would necessitate 
using several  parallel t ransducers  to bring the 
impedance down to practical levels. (2 E 10 MR 
for  4 transducers a t  100 cps). 

2. Transmit ter  

The electrical  signals f rom the s t ra in  t ransducers  must  
be removed f r o m  the suspended and rotating sensor. 
used for  our  preliminary investigations, but they proved to have several  
disadvantages, the most serious of which were vibrational noise genera- 
tion and general handling difficulties. 
amplif ier- t ransmit ter  was designed and constructed (see Fig.  1). The 
The present  schematic of this device is shown in Fig. 2. 

Slip rings were 

In order  to eliminate these, an 
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Fig. 1. Telemetering unit. 
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I 

The f i r s t  amplifier stage has an input impedance of 10 MR 
to accommodate the high output impedance of the s t ra in  transducers.  
The amplifier has  a gain of about 100. The modulation voltage to the 
Varicaps is limited to f 0.4 V so that the 50 MHz c a r r i e r  i s  not 
over modulated. 

A Hallicrafters SX62B receiver detects the transmitted signal 
and del ivers  it with an over-al l  gain of about 700 and a noise level of 
32 pV. 
allows us  to see signals down to about 3 pV from the s t ra in  t r ans -  
ducers.  
attained by adding another stage of gain to the amplifier. 

(2. 8 pV in a 5% band a t  100 Hz:) This telemetering system 

If a better signal-to-noise ratio is desired,  i t  can easily be 

The amplifer-transmitter unit was tested by attaching it to a 
sensor  cKamber, grounding i t s  input and rotating i t  in the magnetic 
suspension. The greatest  noise output seen under these conditions 
was 7 pV a t  60  Hz. 
peaks and about 10 dB lower when the sensor  was rotating synchronously 
a t  2000 rpm. 
output provided the receiver was properly tuned. 

The output a t  frequencies above this was f r ee  of 

Metal objects moved close to the unit did not affect its 

All preliminary tes t s  of the t ransmit ter-receiver  system indi- 
cate that outputs f rom the s t ra in  transducer above 3 pV should be  
detectable. This is more  than adequate for  our present  noise tes t s  
and fur ther  improvement in signal-to-noise ratio can be made la te r  
as the sensor  noise level decreases.  

B. Vibrational Mode Tes ts  

One of the problems which has a r i s en  in  our study of cruciform 
gravitational mass  sensors  i s  that of maintaining adequate frequency 
separation between the gravitational gradient sensing mode of the sen- 
s o r  and the other possible modes of vibration of the sensor and sensor 
mount. The most  promising mounting s t ructure  a t  present consists of 
a double ended torsion wire. 
Report No. 2. ) 

(See Fig. 4(b) in Quarterly P rogres s  

In order  to develop experience with the behavior of the various 
modes a s  a function of torsion wire diameter and rotation speed, a 
number of mode tes t s  were run using torsion wire mounts of differing 
thicknesses. The vibrational modes were measured by driving one o r  
more  of the s t ra in  t ransducers  with a constant amplitude signal of 
varying frequency while looking for the resonance peaks on the output 
of the other  transducers.  
measured  resonance frequencies of four different sensor-torsion wire 
configurations a s  a function of rotation speed. 

The graphs in Figs. 3 through 6 show the 
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The modes behave generally a s  predicted by the equations devel- 
oped in Section 111 of this report. 
0 rpm a r e  pushed up a s  the torsion wire becomes thicker, as  predicted 
in Section 111-A. 
mode frequency increases  with increased rotation a s  predicted in  
Section 111-B. 
diameter torsion wire) where all the modes were observed. 

The sensor  translational modes at 

The translational modes split and the gradient sensing 

This behavior i s  mos t  apparent in Fig. 5 (0.020 in. 

While testing the 0. 012 and 0. 016 in. torsion wires  the sensor  
speed could not be brought above 2700 and 3000 rpm, respectively, 
because the signal f rom the electrically driven mode would be lost in 
the noise voltages generated by imbalances in the system. 
assumed that the smaller  diameter torsion wires  a r e  too weak to with- 
stand the centrifugal force and keep the sensor  head f rom flying out 
f rom the center, causing a large imbalance. 

It was 

In Fig. 5 (0. 020 in. torsion wire)  the sensor  was able to attain 
the desired operating speed. 
o r  gradient sensing, mode and the downward shifted translational mode 
could be observed a t  these speeds. 
noise tes ts  described in Section 11-C of this report. 

The graph shows that both the tuning fork, 

This configuration was used in the 

From the data in Fig. 5 ,  i t  was felt that the desired mode separa-  
tion might be attained a t  high speeds if thick torsion wire  were  used. 
Although the modes would be together a t  0 rpm, they would perhaps split 
and separate f rom each other a t  higher speeds. Figure 6 shows that this 
is  not the case. 
nature, with no indication of a separate gradient sensing mode in  between 
at  any speed. 

The two modes observed appear to be translational in 

C. Comparative Noise Tes ts  

A ser ies  of noise measurements  were  taken on a sensor  mounted 
on a 0. 020 in. diameter torsion wire  inside an evacuated sensor  chamber.  
Three tests were run, the f i r s t  of which utilized regular slip ring brushes 
while the sensor chamber was run in air. The second tes t  was the same 
a s  the f i r s t  except that an external vacuum chamber was added and 
evacuated in an attempt to cut down windage noise. In the third tes t ,  the 
s.tmdard slip ring brushes were  replaced with special  fine copper wire  
brushes with low m a s s  and low mechanical coupling. In each kase the 
sensor  chamber was brought up to speed and allowed to coast  down. 
data fo r  these tests a r e  reproduced in  Fig. 7. 

The 

The data show that the difference between a i r  and vacuum f o r  this 
configuration i s  very slight, indicating that windage i s  not yet a problem. 
However, the slip ring brushes were  found to  be responsible for  the la rge  
noise peaks a t  the rotational frequencies corresponding to the downward 

I 
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shifted translational mode and the gradient sensing mode. 
low m a s s  brushes appear to introduce some noise, but the level is about 
30 dB lower and the curve is  generally l e s s  e r ra t ic .  

Even the 

The data taken with the very light slip ring brush had a maximum 
noise peak of about 8 m V  a t  108 H z  when the sensor  was rotating at  the 
desired operating speed of 3240 rpm (54 rps).* This measured  noise 
level is quite high; however, i t  should decrease substantially when 
bet ter  resolution between the various modes is obtained either by find- 
ing a configuration with bet ter  mode separation o r  by using nar rower  
bandwidths in our amplifiers.  
t es t s  has  a 5% bandwidth and only 26 dB rejection at  subharmonics. ) 

(The tuned preamplifier used for  these 

If these data a r e  compared with the noise data in Fig. 19 of 
Quarterly P rogres s  Report No. 3, a discrepancy a t  low rotation speeds 
can be seen. 
but has  the same level a s  the present data above 1200 rpm (20 rps) .  
e r r o r  i s  in the data in Quarterly P rogres s  Report No. 3, and occurred 
because the raw data were not corrected upward to compensate for the 
impedance mismatch between the frequency sensitive s t r a in  t ransducers  
and the tuned preamplifiers a t  high gain settings. The data in this and 
future reports will be corrected for impedance mismatch. 

The data in Fig. 19 i s  20 to 30 dB lower near  zero rpm, 
The 

Since slip ring wobble seemed to be the major  source of noise, 
the telemetry unit discussed in Section 11-A was constructed and 
operated with the same sensor  in an effor t  to obtain comparative noise 
measurements,  both with and without sl ip rings. However, the telemetry 
unit proved to be difficult to balance and i t  has  not been possible to obtain 
consistent measurements  up to the t ime of this report. 

XC 

Note added in  proof: A recent tes t  using a different sensor  and sensor  
mount and a narrow bandwidth amplifier gave a maximum noise peak 
of 130  pV while operating synchronously a t  the des i red  operating speed. 
The gravitational gradient signals expected in  our  laboratory using 
this sensor a r e  about 3'70 of this value o r  about 4 pV. 

2 2  



III. THEORETICAL PROGRAM 

A major  problem concerning cruciform gravitational mass  
sensors  i s  in maintenance of adequate frequency separation between 
the various vibration sensitive resonant modes of the sensor  system 
and the gradient sensing mode of the cruciform sensor  head. 
this frequency separation can be maintaned, it will then be possible 
to use narrow band amplifiers to separate the gravitationally driven 
sensor  response f rom the inertially driven responses. 

If 

In ea r l i e r  work, it was found that if the sensor  has  a small  
central  m a s s  and i s  well isolated from other masses  by suspension 
from a weak spring, the gradient sensing mode i s  the lowest in 
frequency and i s  well separated from the res t  of the vibrational 
modes (see Section 11-B of Quarterly P rogres s  Report No. 2. ) 
However, a s  we have seen in Section 11-B of this report ,  when rota- 
tion of the sensor  i s  attempted while using a torsion wire mount with 
a weak spring constant, i t  is not possible to rotate the sensor  up to 
the desired operating speed because the mount cannot res i s t  the 
centrifugal forces. When the torsion wire mount stiffness is increased 
so  that i t  can resis t  the centrifugal force, two new translational modes 
formed by the spring constant of the torsion wire and the total m a s s  of 
the sensor  become important. These modes cause the two translational 
modes in  the sensor  head to shift upward, helping to solve the mode 
separation problem. However, under rotation, the translational modes 
split,  and a t  the desired rotational speed, become close enough to the 
gradient sensing mode to make frequency selection techniques difficult. 

In an attempt to understand this behavior, some analyses of 
vibrational mode behavior were undertaken. 

The f i r s t  analysis studies the interference effects between the 
two translational modes formed by the spring constant of the torsion 
wire  acting against the total sensor  mass ,  and the two translational 
modes of the sensor  head itself. 

The second analysis studies the effect of rotation on the vibra- 
tional modes of the sensor  alone. 
wire  translational modes to this analysis in a future study in order  to 
completely understand the interference effects of the two se ts  of 
translational modes and their  variation with rotation speed. 

It i s  planned to add the torsional 

A. Sensor Mount Resonance Analysis 

In this analysis we wished to examine the interference o r  cou- 
pling effects between the translational modes of the sensor  head and the 
translational modes of the sensor  mounting structure.  Although there  

23 



a r e  two pairs of translational modes in  the actual sensor ,  the x-polarized 
modes are  identical to the y-polarized modes and i t  i s  sufficient to look 
only a t  one polarization. 

The model that was assumed i s  illustrated in  Fig. 8; i t  consists 
of two a r m s  of mass m and spring constant K attached to a central  
mass .  The central  m a s s  was assumed to have a mass 3m so  that it 
would match the actual characterist ics of our experimental models. 
The central m a s s  i s  coupled to a large external m a s s  through a torsion 
wire with spring constant K 

0' 

The model in Fig. 8 is mathematically analogous to the l inear  
spring model shown in Fig. 9. 

The equations of motion for this system a r e  

2m2 t 2 K ( x - y )  = F . 

Using the Laplace transformation and solving, we obtain 

t 2K) F(3ms t KO 

t 2K) (2ms2 t 2K) - 4K2 

2 

x =  
(3ms2 t K 

0 

( 9 )  

(1  0) 
2FK 

Y =  
( 3 m s ' t  K t 2K) (2ms2 t 2K) - 4K2 

0 

These equations have poles when the denominator is zero  

3rn2s4 t m(Ko t 5K) s 2  t K KO = 0 , (1 1) 

or 

2 1/2 

2 0 0 - 0  2 (12) 
- (K t 5K) f (K2 - 2 K KO t 25 K ) 

s =  6m 
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where w is  the resonant mode frequency of the system. In o r d e r  to 
make the results nondimensional, we will divide through by the 
resonance frequency of a single isolated a rm.  (This is a lso 
the frequency of the gradient sensing mode. ) This gives us  the ratio 
of the various resonance frequencies as a function of the ratio of the 
spring constants. 

K /K t 5 i [ ( K ~ / K ) ‘  - 2 K  0 /K t 25]1’2/1’2 

6 

( 1 3 )  

When this equation i s  plotted for  various values of spring constant 
ratios, we obtain Fig. 10. b 

Note that when the torsion wire spring is weak, i ts  t ransla-  
tional mode frequency is so  low that it does not affect the t ransla-  
tional mode of the sensor  and the mode frequency is that of an  
isolated sensor (see F i g .  3 in Section 11-B of this report).’ As  the 
torsion wire frequency i s  raised, we note that the sensor  t ransla-  
tional mode frequency also r i s e s  a s  a resul t  of an interference 
between the two modes. 
even further, the sensor  translational mode increases  rapidly 
while the torsion wire translational mode approaches the gradient 
sensing mode frequency. 

As the torsion wire  frequency is raised 

The optimum stiffness ratio for  maximum frequency separa-  
tion of both of the translational modes f rom the gradient sensing mode 
frequency at  zero rotation speed seems  to be approaximately Ko/K = 3.  

To correlate  this analysis with the experimental  models we 
must  calculate their  spring constants. 
the a r m  stiffness is given by 

In the present  sensor  design, 

K E1 

where E, I, and L a r e  the elastic modulus, section modulus, and 
length of the arm, respectively, and b is the effective radius of the 
end mass .  (See Appendix of Quarterly P r o g r e s s  Report No. 3 . )  For 
the present geometry, the a r m  stiffness was calculated to be 

K 27 lb/in. (15) 
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The torsion wire  stiffness is given by 

4 192 E1 - 37r E D K =  - 
0 L3 L3 I 

where E, D, and L a r e  the elastic modulus, diameter,  and length 
of the wire, respectively, and the section modulus I = (7rD4)/64. 
F o r  the present  geometry the torsion wire  stiffness is 

= 1. 31 x 10 9 4  D (lb/in. 5 ) 
K O  

and the ratio of the two stiffnesses a s  a function of the torsion wire  
diameter i s  given by 

0 7 4  K 
- = 4 . 8 ~ 1 0  D K 

This equation i s  plotted in F i g .  11. 
a diameter of 0. 016 in. i s  necessary to obtain the optimum stiffness 
ratio of 3 .  A torsion wire  mount of this diameter  was fabricated; the 
resul ts  a r e  shown in Fig. 4 of Section 11-B. At zero rotation speed, 
we see  that there a r e  two se ts  of translational modes, one at 52 Hz 
and the other a t  125 Hz. 
sensing mode at 90 Hz and thus we have obtained the desired maximum 
mode separation. Unfortunately, however, the translational modes were  
found to shift under rotation and the mode separation a t  the desired 
operating speed i s  much smal le r  than that a t  zero  rotation speed. 

F r o m  this curve i t  can be seen that 

These a r e  nearly equidistant f rom the gradient 

B. Rotating Cruciform Mode Analysis 

As a result  of work in the ea r l i e r  theoretical  and experimental  
aspects of the contract, i t  has  long been realized that the cruciform 
shaped gravitational mass  sensors  have four  pr imary  oscillation modes 
which involve the spring constant of the bending a r m s .  
gradient sensing o r  tuning fork mode (Fig.  12(a)), a torsional mode 
(Fig. 12(b)) and two translational modes (Fig. 12(c)). In addition, there  
a r e  higher order  harmonics of these four basic  modes a s  well a s  other  
modes of oscillation involving other e las t ic  propert ies  of the cruciform 
such as the torsional o r  longitudinal spring constants. 

These a r e  the 

These higher 
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Fig. 11. Torsion wire  stiffness. 
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order  modes, as well as the torsional mode, a r e  usually at much 
higher frequencies than the gradient sensing mode and the two t rans-  
lational modes; they cause relatively little difficulty since they can 
be easily fi l tered out. 

In our experimental program we have found that it is difficult 
to design and operate a sensor with a large separation between the 
various modes. 
behavior of the cruciform sensor while under rotation, the following 
analysis was undertaken. 

In an effort to develop a bet ter  idea of the mode 

Since we wished to investigate the general  behavior of this 
c lass  of sensors  in as rigorous a manner as possible, the model used 
was not that of one of the actual sensors ,  but was chosen to be a s  
simple a s  possible while s t i l l  retaining many of the important features 
of the actual sensors.  The model (see Fig. 13) assumes a central  
mass  M and four smal le r  masses  m a t  the ends of four a r m s  of 
length a ;  these a r m s  a r e  pivoted a t  a distance b f rom the center  of 
the sensor.  
analysis . The sensor  was assumed to be in f r ee  fall to simplify the 

The kinetic energy of the system i s  given by the general  formula 

4 

n= 1 

.- . 
where and s a r e  showp in F ig .  13, I is the moment of inertia of 
the central  mass  M, and 8 = R f % i s  i ts  instantaneous angular 
velocity, 
vibrating a r m s  

The potential energy of the system i s  in  the springs of the 

4 

v =  2 ' k Z a 2  n 

n= 1 

where k is the effective spring constant and an i s  the angular deflec- 
tion of the nth arm. 
sys t em i s  therefore 

Using these equations, the Lagrangian of the 

4 4 

n= 1 n= 1 
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F i g .  13 .  Model of rotating cruciform sensor. 
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F o r  our particular system the position of the nth a r m  is 

+ 4 4 

s = R t r n  n 

and substituting this iqto (21) we obtain. the Lagrangian in t e rms  of the 
central  mass motion and rotation 8 ,  and the motion Fn and posi- 
tion a of the arms. n 

4 4 
1 1-2 1 ( k 2 t 2 k * k n t ? z )  t $ 1 0  ‘ 2  - i k 1 . a  2 . L = z M R  t Z m  n 

n= 1 n= 1 

The equation of motion for the central  mass is given by  

This gives us an equation expressing the conservation of l inear 
momentum 

aL 4 

aR 
-- = constant = MR t m 

n= 1 

If we assume that the sensor  was initially a t  res t ,  then 
and (25)  becomes 

aL/aK = 0 

m 
M t 4m 

R = -  
n= 1 

Substituting ( 2 6 )  into (23 )  and simplifying by combining like te rms ,  we 
obtain an expression f o r  the Lagrangian in t e r m s  of the motion of the 
arms, and the rotation of the central mass 

4 - r 4 i2 4 
L 

T - 1 0  1 ‘2 - i k x a .  2 2 n 
1 m  L = - m  2 

n= 1 n= 1 
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This form of the Lagrangian i s  st i l l  not suitable fo r  our purposes 
since rn i s  a function of the rotation of the sensor  8 a s  well as 
the angular displacement of the a r m s  a relative to the rotating 
reference f rame of the sensor. n The position of the a r m  i s  given by 

4 

nn t a ) t T sin (e t 7 t an)] (28)  
n Y 

r = r  [TX cos (e t 7 n n 

r = a (1 - -z 1 a-b b a:) = a - - 1 B a n  2 
n 2 

+ 
where l X  and a r e  unit vectors in the x and y directions 
respectively, 
the distance from the effective pivot point to the center of the sensor.  
B i s  chosen s o  that B = 0 and rn = a when the arm i s  pivoted a t  
the center of rotation (b = 0) ,  and B and rn become indeterminant 
when the a r m  is pivoted near the end (b a ) .  

a 7 s  the nominal length of the sensor  arm, and b i s  

4 2 2  ‘ 4  2 
The calculation of Z1 rn and lnCl ?n] in t e r m s  of 8 

and an is straightforward but tedious and will only be outlined here .  
A 2  

To obtain n , l  r n  we f i r s t  take the t ime derivative of (28)  
r 1 

nrr --c 

= [rX c o s  (0 t t an ) t i+ sin (8 t 
n Y 

and square it to obtain 

2 2  2 .  - 2  r = E2 t r (0 t an) n n n 
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Since 

1 2 r n = a - 2 B a n  

2 1 2 4  r2 = a2 - aB an t 7 B  an n 

r n = - B a n a n  

- 2  2 2 . 2  r = B an an n J 

we can substitute (33) and (35) into (31) to obtain 

(36) ? = a 2 i 2  t 2a 2. a n € ) +  ’ a 2 an - 2  - aBQ2a:  t ... 
n 

2. where we have neglected t e rms  of order  a3 a d and higher. When 
(36) is summed over the four a r m s  we obtain one of the desired t e rms  
for  substitution into the Lagrangian (27)  

1?’ 

4 4 4 4 

$2 n = 4a2 6‘ t 2 a 2 b  b, n t a2  1 k2 n - a B R  ‘ E a : .  
n= 1 n= 1 n= 1 n= 1 

To obtain a similar expression for  

we f i r s t  sum over (30) 

t a - j J t  ... 1 >n = a 1 (6 t hn) [- l x  sin t t an> t ry cos 6 t 7 
n= 1 n= 1 

4 4 

n 

( 3 8 )  
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where we have neglected t e r m s  of o rde r  a i .  
by te rm,  we obtain a large number of t e r m s  either of the form 

When this is squared t e r m  

o r  

t cos (e t 2 TT t a 1 ) cos (e t 3~ t a 3 ]  . 

(A large number of the products simplify if we remember  that 

1 1 = 1 and 1 1 = 0 . )  The sums of the sine and cosine 

products can then be expressed a s  the cosine of the angle differ- 
ences giving us t e r m s  such a s  

- 4  - - - ) - - - c  

x x  X Y  

2 .  2a ( Q  t a l )  (Q t a3) cos (a - a3 - r) 
P 

2 .  1 
=: - 2a (Q t a l )  (Q t 1 t 2 (a1 - a3) 

and 

- .  . . .  
2 lT 2a (Q t a l )  (Q t a2)  cos (a1 - a 2  - 2) 

L = 2a (Q t a l )  (0 t a2) sin (a - a2)  1 
. .  7 .  

(42) 
L 

=: 2a (0  t a l )  (Q t a 2 )  (a1 - a2) 

When a l l  these calculations a r e  ca r r i ed  out and like t e r m s  combined 
(many of them cancelling), we obtain 
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(43) 

. . 
where we have used 0 = 52 t d n since d is of the same order  as a. 
When (43) and (27) a r e  substituted into (27) w e  obtain the Lagrangian in 
t e r m s  of the a r m  motions an and the central  m a s s  rotation 0 

4 4 

n t 2 m a  0 + m a 2 ; )  

n= 1 n= 1 

1 2 ' 2  L = 2 m a 2  h n 
i 

4 
1 
2 n I b 2  - - ( k t m a B R )  

n= 1 
+ - z  (44) 

I 

This fo rm of the Lagrangian contains the description of the 
behavior of the sensor  in t e r m s  of the angular displacement an  of each 
one of the a rms .  
vibrational modes of the sensor,  s o  i t  will simplify things if we express  
the Lagrangian in t e r m s  of the equivalent angular displacement ampli- 
tudes of the vibrational modes. Each mode of vibration corresponds to  
a par t icular  combination of a n n  amplitudes and phases; the four primary 
ones a r e  the gradient sensing mode (see  Fig .  12(a)) 

However, we a r e  interested in  the behavior of the 

(45) 
1 = (a l  - a2 t a3  - a4)  , 'lG 
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the torsional mode (see Fig. 12(b)) 

1 = (a l  t a 2  t a3 i- a4)  aT 

and the two orthogonal translational modes ( see  Fig. 12(c)) 

1 
a = -  (a2 - a4) - a  

(47 1 

(48) 

The two translational modes can also be expressed in t e r m s  of right 
and left handed circulating translational modes which a r e  complex 
combinations of the orthogonal modes 

1 - 1 t. ia  - a3 - ia4) a = (a,. - ia ) - - 2 (a l  2 
d2 

- 1 1 a L  - - (a t  - ia ) = (a1 - i a2  - a3 t ia4) a- - 

(49) 

0 where the complex number i indicates a 90 phase lag in the response 
of the a r m  vibrating in that particular mode. 
translational modes will be used la te r  in  the study of the mode behavior 
in a rotating system. 

This second fo rm of the 

It i s  obvious from inspection that 

4 
E a :  = a l  2 t a2 2 t a i t a  2 -  - aG 2 t aT 2 t a: t a- 2 

n= 1 

and that 
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t 
so that the Lagrangian (44) in t e r m s  of the amplitudes of the normal 
mode vibrations is given by 

1 2 ' 2  ' 2  ' 2  2 b2  2 '  L = -ma (aG t i: t at t a _ )  t 2ma t 2 m a  € laT  2 

(53) 
1 ' 2  1 2 2 2  2 2  t -10 - - ( k t m a B n  ) ( a  + a T  + a + t a )  . 2 2 G - 

The equivalent expression using the complex forms of the circulating 
translational modes is 

. .  2 '  L = - m a  2 
t 

I 

1 2 2 I b2 - - (k t maBQ ) ( a i  t a T t  2 aRaL) . + 2  2 (54) 

We a r e  now in a position to  calculate the equations of motion for the four 
normal  modes. 

The equation of motion for  the gradient sensing o r  tuning fork 
mode ( s e e  Fig. 12(b)) is given by 

o r  

= o  d aL a L  
aaG 

- - - -  
dt 

aaG 

2 t ( k t m a B R ) a G  = 0 . 2 
m a  aG 

(55) 

(56 )  
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This harmonic oscil lator equation immediately gives us  the expression 
f o r  the frequency of this normal  mode 

(57) 

We note here  that the frequency of this mode is not constant but shifts 
upward under rotation. This effect is borne out by the experimental  
resul ts  (see Fig. 5)  and is due to the increase in the effective spring 
constant f rom the centrifugal force acting on the sensor  arms a s  
gravity on a pendulum. 
late gravity exactly since i t  i s  not a uniform field but extends radially 
outward. 
(b = 0), the frequency of the mode would be independent of the rotational 
speed, since the m a s s  on the end of the a r m  would not s ee  any variation 
in the centrifugal potential a s  the arm vibrated, 

However, the centrifugal force does not simu- 

If the pivot point of the arm were  a t  the center of rotation 

The equation of motion for the torsional mode i s  given by 

(58) 
d aL aL 2 .* 2 * -  -- - - = 0 = m a  a t 2 m a  0 t k ' a ,  dt * T aa T 

aa T 

where k '  i s  the effective spring constant under rotation ( see  eq. 57). 
The te rm containing the variation in the central  m a s s  rotation speed 
0 due to i t s  interaction with the torsional mode is eliminated by the 
equation 

.. 

d a L  aL 2 " 2 .. -- - - = o = 4 m a  0 t 2 m a  aT t 1 5 ,  ao dt ai, 

o r  

* b  

2 .. 2 m a  0 2 -  
aT I t 4 m a 2  

(59) 

i 

Substituting (50) into (58) and combining like terms, we obtain 
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So that the frequency of the torsional vibration normal mode i s  given 
by 

(6 2) 

Here we note that the torsional mode frequency s ta r t s  off higher than 
the gradient sensing mode frequency, provided the moment of iner t ia  
I of the central  mass  i s  not too large,and increases  with rotation speed 
in the same manner. This behavior is  borne out by the experimental 
results.  
mass  that the torsional mode frequency is considerably higher than the 
gradient sensing mode frequency and r i ses  with increasing rotation 
speed (see Fig. 5). However, i f  the sensor  i s  ,firmly attached to a 
large sensor  chamber, the torsional mode frequency shifts down 
toward the gradient sensing mode frequency. 
Quarterly P rogres s  Report No. 2. ) 

An isolated sensor  usually has a sufficiently small  central  

(See Section II-B in 

The two equations of motion fo r  the two translational modes 
a r e  given by 

- - - -  = o  dt ah, aaR 

= ma 2 .. aL - 2m M '  t 4m a [tiLt 2 i n h L  - R aL  t k ' aL  

and s imilar ly ,  

2m a - 2 i n h R  - R t k'aR . 2 8 .  = m a a  - R M t 4 m  
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Letting aR = ,efiwt o r  a L  = aeriwtJ we obtain 

2m 2 
M t 4m w -  

m a  

o r  

where 

is the square of the resonance frequency of the gradient sensing mode. 

Note that i f  the sensor  is not rotating (Q = 0), the two t ransla-  
tional modes have the degenerate frequency 

The maximum separation between the translational mode and the gradient 
sensing mode occurs when the central  mass is sma l l e r  than the a r m  
m a s s  M < <  m 

w =,  = 1.41 wG M < < m J ! 2  = O  . 
A s  the central  m a s s  is made la rger ,  the translational frequencies shift  
downward 

0 = A  OG = l . 2 9 W G  M = m , n  = O  
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until the translational modes a r e  a t  the same frequency a s  the gradient 
sensing mode 

This behavior predicted by the theory closely follows our experience 
during the experimental work. 

If the sensor  is rotating, the two translational modes split 

When the sensor  is rotated at s2 = f w  the two translational mode 
frequencies become G' 

"- = "G ( 7 3 )  

and we see  that the lower of the split translational modes has the same 
frequency a s  the gradient sensing mode, independent of the s ize  of the 
central  m a s s  M. 

If we assume that the sensor  is rotating at i ts  design speed of 
the one-half of the gradient sensing mode frequency (S2 = (1/2) aG), 

translational mode frequencies a r e  

m f M t 2m 2(M 3m4 t m )]1'2 "G "G 
a =  * 

4 3  



F o r  a small  central  mass M < <  m, the two mode frequencies a r e  

o r  

for  M = m 

1 
w = 2 (rn f l)WG f (7 5) 

I 

w = 2.081 wG t 

= 1.081 wG - 

(76) 

(77) 
\ 

1 

W+ = 1.728 wG 

w - = 1.062 wG (79) 

and f o r  a large central  mass M > >  m, we get the expected result  
(see eq. 7 0 )  

= O G  

This behavior of the two translational modes with rotation speed R 
plotted in Fig. 14. 
pivoted at the center so  that b = 0 
effective spring constant of the a r m s  with increasing rotation speed. 
An actual curve from the experimental  portion of the program is shown 
in Fig. 15. 
of the a r m s  and the ratio of the measured  frequencies a t  various rotation 
speeds agree to within 1% of those calculated for  M = m. 

i s  
This curve assumes  that the sensor  arms a r e  

and there  is no increase  in the 

This sensor  has  a central  m a s s  equal to the m a s s  of one 
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Fig. 14. Predicted translational mode splitting. 
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IV . CONCLUSIONS 

The resul ts  of the noise tes ts  indicate that our  major source of 
noise a t  the present t ime is not caused by air turbulence shaking the 
sensor  vacuum chamber, but by forces induced by s l ip  ring wobble. 
In addition, because of our inability to obtain a wide mode separation, 
the present tuned amplifiers do not have a narrow enough bandwidth 
to completely resolve the various modes and this a lso leads to la rge  
measured noise values. (The new P. A. R. lock-in amplifier, recently 
purchased f rom our capital funds to  support this project, should 
eliminate this problem in the future. ) 

The resul ts  of the combined theoretical and experimental work 
on the behavior of the sensor  modes under rotation indicates that i t  is 
possible to operate the sensor  a t  the desired rotation speed of one-half 
of the gradient sensing mode frequency and sti l l  maintain adequate 
frequency separation between the variation sensitive translational modes 
and the gradient sensing mode. The analysis shows, however, that the 
maximum frequency separation obtainable will most  likely be l e s s  than 
870, so that the mechanical Q ' s  of the sensor  modes should be relatively 
high (-100) and the frequency selection techniques should have narrow 
bandwidths (-1 yo). 

The analysis indicates that a good design for  a sensor  should have 
(1) arms with an effective pivot a s  near the center of rotation as possible 
so that the frequency shift of the gradient sensing mode is small, and 
(2)  as sma l l  a central  m a s s  a s  possible so that there is a maximum 
amount of separation between modes. 

The resul ts  of various design studies, presented in this and 
the previous reports ,  indicate that our  present  strain-to-voltage 
t randucers ,  amplifiers,  and other electronic components a r e  more  
than adequate for  the problem of seeing the gravitational gradient 
signals. 
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V. RECOMMENDATIONS 

It i s  recommended that the following investigations be continued: 

0 Experimental investigation of noise in bearings and 
drives 

0 Experimental investigation of sensor mounts 

0 Theoretical analysis of the cruciform sensor and 
sensor mount mode behavior under rotation. 

49 


